Abstract: Introducing boundary-layer (BL) theory to solve problems of solute transport provides a simple and accurate alternative method to estimate transport parameters. Most BL solutions to the convection-dispersion equation (CDE) are derived from the hypothesis of a zero concentration gradient at the position of solute front, which is inconsistent with the actual situation. This study assumes a logarithmic concentration profile and presents a novel analytical solution to the equilibrium CDE. The concentration gradient at solute front for the logarithmic model is not regarded as zero. A range of parameter values was used to evaluate the accuracy of the logarithmic model based on the relative error between the logarithmic and the corresponding exact profiles, and soilcolumn experiments were used to examine the reliability of the model for parameter estimation. The accuracy of the new BL solution was greatly influenced by the values of the transport parameters. The logarithmic profile matched the exact profile well when the rate of change of concentration was large in shallow porous media. These findings will integrate the methodology of using BL theory to solve problems of solute transport and provide a more accurate method for some cases of solute transport.
Introduction
Understanding the behaviour of matter transport in porous media is of great importance, especially for protecting the quality of groundwater and characterizing nutrient transport. Convection and hydrodynamic dispersion are the dominant mechanisms responsible for transport, and a variety of models have consequently been developed to simulate them. The convectiondispersion equation (CDE) is one of the most commonly used models. A one-dimensional CDE includes terms that describe hydrodynamic dispersion, fluid convection, and linear equilibrium adsorption:
where C is the solute concentration as a function of space and time (g cm −3 ), D is the dispersion coefficient (cm 2 min −1 ), v is the average pore-water velocity (cm min −1 ), R is the retardation factor, t is the time (min), and x is the distance (cm). CDE under equilibrium conditions is still widely used to simulate the behaviour of solute transport and to estimate the transport parameters for multiple materials. Garré et al. (2010) used a homogeneous CDE to characterize the transport and inferred parameters for a loamy sand at a column scale. Köhne et al. (2011) developed a method based on CDE for using soil-structure information to predict the transport of chemicals. Chotpantarat et al. (2012) determined the movement of single-, binary-, and multi-metal systems through lateritic soil columns using the equilibrium CDE.
Determining D and R in the CDE model is important for describing transport. A variety of techniques have been developed to estimate the two transport parameters, including statistical and deterministic methods (van Genuchten and Parker 1984; Jury and Sposito 1985; Wagner and Gorelick 1986; Yamaguchi et al. 1989; Inoue et al. 2000; Liu et al. 2004a) . Using statistical methods to estimate transport parameters will lead to nonuniqueness, and deterministic methods are only applicable for limited conditions. Shao et al. (1998) used a boundary-layer (BL) method to solve CDE and obtained an approximate analytical solution by assuming parabolic and cubic concentration profiles. The BL solution has a simple mathematical expression and can be used for estimating parameters under laboratory and field conditions. Other BL solutions have been proposed based on this solution, building on the hypothesis of different descriptive functions for the concentration profile. Liu et al. (2004a) used a non-zero flux instead of a zero flux at the lower BL and solved the equation by Laplace transformation. Liu et al. (2004b) also proposed a graphing method for determining the parameters based on two unimodal curves for concentration and time. Wei and Wang (2012) introduced an exponential expression of the concentration profile and demonstrated that the exponential model was appropriate for low-velocity solute transport.
The above BL solutions were all obtained by assuming that the derivation of concentration versus distance at the solute front was zero, which differs from actual situations. This study describes the concentration profile using a logarithmic function and presents an analytical solution to CDE. The quality of the logarithmic solution was assessed by comparison with the exact solution under various combinations of parameters, and transport parameters were introduced. The novel solution to CDE can be used to predict concentration profiles and estimate transport parameters. It will optimize the methodology of using BL theory to solve problems of solute transport and improve the accuracy of parameter estimation.
Theory
For the constant-flux boundary condition discussed in this paper, the appropriate initial and boundary conditions are stated as (van Genuchten and Parker 1984) Cðx,0Þ = 0
The initial concentration of zero for all x indicates that the system is free of solute before the addition of a solution with concentration C 0 . The gradient ∂C/ ∂x → 0 at x → ∞ is a boundary condition for a semi-infinite system. The same assumption provided by Shao et al. (1998) is used:
Integrating the term on the right-hand side of eq. 1 and incorporating eq. 5 into eq. 1 gives
If we define I s (t) as an integral for the solute concentration of the profile:
then, combining eqs. 1, 6, and 7 easily gives
We further assumed that the concentration profile could be described using a logarithmic expression:
Cðx,tÞ = a 0 ðtÞ þ a 1 ðtÞ ln 1 2 þ x dðtÞ (9) A simplified expression for solute distribution can be obtained by substituting eq. 5 into eq. 9, which yields Cðx,tÞ = a 1 ðtÞ ln 1 3 þ 2x 3dðtÞ (10) in which x should satisfy the range from 0 to d(t). By using BL conditions, eq. 3, a 1 (t) can be calculated as
An equivalent expression of eq. 10 can accordingly be obtained as Cðx,tÞ = vC 0 dðtÞ 2D þ vdðtÞ ln 3 ln 3dðtÞ 2x þ dðtÞ (12)
To calculate d(t), incorporating eqs. 7 and 8 gives
The logarithmic solution of a one-dimensional equilibrium CDE, thus, contains eqs. 12 and 13. Three traditional transport parameters (v, D, and R) are included in both the BL and analytical solutions. The average pore-water velocity (v) is constant when solute transport is under steady-flow conditions and can be determined by a miscible-displacement technique. D depends on v and is defined as
where λ is the dispersivity (cm). λ has traditionally been viewed as a characteristic of the entire medium (Fried and Combarnous 1971; Bear 1972) . The values of λ range from 0.1 to 2 cm for homogeneous soil columns (Fried and Fried 1975) , and those for undisturbed column are one or several orders of magnitude higher (Huang et al. 1995; Perfect et al. 2002) . R is referred to as the retardation factor accounting for linear equilibrium sorption or exchange. When R = 1, the chemical and the soil do not interact (van Genuchten et al. 1986 ).
Methods

Evaluation of the models
For describing volume-averaged or resident concentrations in semi-infinite soil profiles, the analytical solution of eq. 1 is (Lindstrom et al. 1967) Cðx,tÞ
In addition, assuming a cubic polynomial concentration profile yields a solution to the same solute-transport problem (Shao et al. 1998) :
Equation 16 has good accuracy and range of application for predicting the concentration profile. The quality of the logarithmic model was evaluated based on a comparison with the exact solution obtained by setting multiple values for the three parameters. One hundred points with uniformly spaced intervals for each case were selected for discrepancy analysis. Relative root-mean-square error (RRMSE) was used to quantify the discrepancy between the logarithmic BL solutions and the analytical solution:
where y i is the relative concentration calculated from the logarithmic solution, ŷ is the corresponding exact relative concentration, andȳ is the mean relative concentration obtained from the exact solution.
Estimation of transport parameters
With d 2 (t)/t as the independent variable, an equivalent expression of eq. 13 is then
Similarly, eq. 17 can be written as
D and R can be calculated by linear-fitting eqs. 19 or 20 to the data for the advance of the solute front over time. The position of the solute front can easily be measured. Flury and Flühler (1995) characterized brilliant blue FCF as a tracer in a study of solute transport and verified its applicability in laboratory and field experiments. Moreover, Ward et al. (1994) verified the feasibility of using time-domain reflectometry (TDR) to analyse solute transport.
Data sources and fitting
Data from soil-column experiments conducted by Zheng (2001) and Wen (2005) were used to evaluate the logarithmic model. For these studies, aeolian sandy soil was collected from the Loess Plateau in northwestern China, and paddy soil was collected from Hunan province in south-central China. The experimental setup and properties of the soils are given in Table 1 . A solution of NaCl was used to displace deionized water in soil pores, and horizontally installed TDR probes were used to determine the solute front based on the change of electrical conductivity. D and R for each soil column could be estimated by linear-fitting methods. D and R were also estimated by fitting the breakthrough curves with the non-linear least-squares parameteroptimization method CXTFIT . The transport parameters obtained from the two approaches were compared to evaluate the quality of the logarithmic model.
Results and Discussion
Response of model accuracy to transport parameters
The prediction accuracy of the logarithmic model was variable for concentration profiles under different conditions of solute transport (Table 2) . Three cases had minimum relative errors: v = 2 cm h −1 , R = 1, and λ = 1 cm; v = 2 cm h −1 , R = 50, and λ = 1 cm; and v = 20 cm h −1 , R = 50, and λ = 10 cm. The logarithmic model had the largest discrepancy when v = 20 cm h −1 , R = 1, and λ = 1 cm. The transport parameters had a complex influence on model accuracy.
The average pore-water velocity (v) was positively correlated with the relative error when both R and λ were set at 1. The prediction accuracy for the concentration profile, however, first increased and then decreased for other cases when R = 1 and for cases when λ = 1 and R = 20 or 50. The accuracy of the model increased as λ, R, and v increased. These results indicated that the logarithmic model predicted the concentration profiles better for lower v when at least one of R and λ were set at a small value and for higher v when both R and λ were large. , respectively. The logarithmic profiles matched the corresponding exact profiles well when v was low, indicating the reliability of the new model.
The accuracy of the logarithmic model also varied with λ. The relative errors in Table 2 indicate that the accuracy of the logarithmic model increased with λ when v was set at 0.02 or 0.2 cm h −1 . The prediction accuracy of the logarithmic model, however, first increased and then decreased when v = 0.2 cm h −1 and R = 1.
The logarithmic model predicted the concentration profile better at higher λ when solute transport had an average velocity of 20 cm h −1 . Variation was similar when v = 2 cm h −1 and R = 1, but the model accuracy was negatively correlated with λ at a given v and R for the other cases in Table 2 for v = 2 cm h −1 . Figure 2 depicts the concentration profiles obtained using the three models with multiple λ at v = 2 cm h −1 and R = 1. The difference between the logarithmic and exact profiles decreased greatly when λ increased from 1 to 10 cm and then remained small with increasing λ. Combined with the relative errors (Table 2) for all four cases, this result also indicated that the accuracy of the logarithmic model increased with λ but tended to stabilize when λ was >10 cm.
Three values of R were used to analyse its influence on model accuracy (Table 2) decreased and then increased. Model accuracy for v = 2 cm h −1 increased with R for λ ≤ 10 cm and decreased with increasing R for λ > 10 cm.
The effect of R on the prediction accuracy of the BL model is also illustrated in Fig. 3 . The values of v and λ were set at 2 cm h −1 and 1 cm, respectively. Each logarithmic profile and its corresponding exact profile were similar, implying that the logarithmic model could accurately predict the solute-concentration profile during transport for both conserved and retarded solutes. The relative errors paralleling each case in Table 2 also indicated a small difference between the two profiles.
The above analysis indicated that the accuracy of the logarithmic model was complexly affected by all three parameters, i.e., v, D, and R. The logarithmic model describes a concentration profile with large decreasing rate for small depth. When the three parameters determined a fast speed of solute displacement, the solute concentration in the fore part of profile will reach C 0 in a short period and the change rate will be low which leads to difference with the exact solution. Therefore, the logarithmic model generally matched the exact solution better when the rate of change of the solute concentration in the profile constantly decreased. The position of the solute front, however, was lower for the logarithmic than the exact solution for the given parameters.
Variation in the accuracy of the logarithmic model over time
Two average pore-water velocities were used to analyse the change of the prediction error of the logarithmic model over time (Fig. 4) . Transport times ranging from 1 to 50 h were analysed for the case of v = 0.2 cm h −1 .
The difference between the logarithmic and exact profiles decreased with transport until 5 h, but the prediction error continued to increase after 5 h, even though the relative errors before 10 h differed little. The prediction accuracy for the concentration profiles increased throughout the entire process when v was set at 2 cm h −1
. The logarithmic model, therefore, generally predicted concentration profiles less accurately over time. Furthermore, the relative error was larger at v = 2 than at 0.2 cm h −1 at both 1 and 10 h, implying a higher accuracy at a lower v. The concentration profile may deviate from the logarithmic function hypothesis over time, leading to lower accuracy of the logarithmic model for latter stage of the transport process.
Calibration of depth of solute front for the logarithmic model
Estimating transport parameters is one of the main uses of the logarithmic model. Using the model to obtain D and R depends on eq. 18, so that the accurate determination of d(t) is critical. The comparison in the previous section indicated that the position of the solute front was lower when calculated by the logarithmic model than by the exact distance. Calibrating the measured position of the solute front is, therefore, necessary before estimating the transport parameters.
Measured pore-water velocities and an R of 1 for a conserved solute were used to determine the depth of the solute front using both the logarithmic and exact solutions. The time was in accordance with the column experiment, and D was assigned values from 0.5 to 10 cm 2 h −1 . The sensitivities of TDR used in the soilcolumn experiment, however, were 6% and 2% for detecting the solute front in the aeolian sandy soil and the paddy soil, 0.06 and 0.02, respectively, were regarded as the relative concentrations at the solute front for the exact solution. The values of d(t) calculated by the logarithmic model and the exact solution using the above parameters are shown in Fig. 5 . The coefficients of determination (R  2 ) for the aeolian sandy soil and the paddy soil were 0.9653 and 0.9095, respectively, indicating a good linear relationship between the depths obtained by the logarithmic and exact solutions. The linear-regression equations could, therefore, be used for calibrating measured positions of the solute front.
Estimation of transport parameters
The calibrated data for the position of the solute front were linear-fitted for the two soils using eq. 18 (Fig. 6) . The discrepancy between the logarithmic concentration profile and the exact profile increased with the progress of the solute transport; therefore, only the first three pairs of measured data were used to estimate the parameters. R 2 was >0.9 for both soils, indicating good linear relationships between d 2 (t)/t and d(t). The linear-regression equations for the fitting were, thus, able to estimate D and R. Table 3 lists the values of D and R calculated by the logarithmic and exact solutions. The two parameters for the aeolian sandy soil were both lower when estimated by the logarithmic model than by CXTFIT. The relative errors for D and R were 49.83% and 6.12%, respectively. D and R for the paddy soil were 0.68-and 0.14-fold higher, respectively, for the logarithmic model than the exact solution.
These results indicate that the logarithmic model may be better for estimating R than D. The estimation errors for transport parameters were mainly caused by instrument and observation during measurement. Besides, BL solution is an approximate solution which also results in discrepancy. These two parameters have also been estimated using a polynomial solution (Zheng 2001; Wen 2005) , and the values are listed in Table 3 . The relative error of the polynomial solution for estimating D for the aeolian soil was 41.85%, less than that calculated by the logarithmic solution. Using a polynomial solution to estimate R produced a 1.62-fold error, indicating that the logarithmic solute was better for estimating R. For the paddy soil, both D and R were more accurately estimated by logarithmic model. The logarithmic solution was, therefore, able to accurately estimate D and R, but a cubic polynomial solution may be better for estimating D in some cases. The concentration profiles obtained by the BL and exact solutions for the two soils at different times are shown in Fig. 7 . The transport parameters used to plot the BL and exact profiles were from the BL method and CXTFIT, respectively. The velocity of solute transport was much higher for the paddy than the aeolian soil, so that the range of time was smaller for the paddy soil in this part of the analysis. The logarithmic model predicted the concentration profiles better for the aeolian than the paddy soil throughout the transport. This result further confirmed that the BL solution was better for slow transport speeds. The discrepancy between the BL profiles and the corresponding exact profile increased over time for each soil. The two BL models also performed differently for predicting the concentration profiles. The logarithmic model was more accurate than the polynomial model for describing concentration distribution in the soil profile and for estimating the solute-transport parameters.
Conclusions
We proposed a logarithmic solution to CDE without assuming a zero rate of concentration variation at the solute front. The effects of v, D, R, and t on the accuracy of the logarithmic model for predicting concentration profiles were analysed based on RRMSE by giving them multiple values. Data for the depth of advancement of the solute front over time from two soil-column experiments were used to evaluate this novel solution for estimating transport parameters.
The three transport parameters (v, D, and R) had complex influences on the accuracy of the logarithmic model. The value of v had positive effect on model accuracy only when both λ and R were large and negatively influenced the model accuracy for other cases. The relative error generally increased with λ for a lower value of v but varied inversely with λ for larger v. The effect of R was more complicated than for v and λ. A larger R was more likely to increase the deviation from the exact solution for predicting concentration profiles. The match between the logarithmic profile the corresponding exact profile varied over time. The discrepancy between the two solutions increased over time. Using the data collected from the early part of the process, therefore, tended to increase the accuracy of the estimates of the transport parameters.
D and R could be determined by linear fitting based on the calibrated data for the depth of the solute front over time. The logarithmic model was better than the polynomial model for estimating R. The concentration profiles obtained by the logarithmic model were also more similar to those obtained by the corresponding exact profile, indicating an advantage of our novel solution for predicting concentration profiles and estimating transport parameters.
The logarithmic solution to CDE supplements the methodology of using the BL method to solve problems of solute transport. The new solution provides a more accurate alternative for solute transport at higher porewater velocities.
